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 Mathematical representation of WECC composite load model

 Dynamic order reduction of WECC composite load model

 Robust Time Varying Parameter Identification for Composite Loads

 SVM-Based Parameter Identification for Composite ZIP and 
Electronic Load Modeling

Overview



3

Project Description
This project, led by ANL, is to develop a hierarchical load modeling structure to build time-
varying, stochastic, customer behavior-driven and DR-enabled load models by leveraging
practical utility data and laboratory experiments. The load modeling techniques leverage
practical AMI, SCADA and PMU data at component, customer, feeder and substation levels.
Expected Outcomes
• Static and dynamic load models at component, customer, feeder and substation levels,

which are generic and applicable to various practical systems.
• Customer behavior-driven and demand response-enabled load models at component,

customer, feeder and substation levels, which are generic and applicable to various
practical systems.

• Load model identification techniques which are robust to measurement noises and bad data
and suitable for on-line identification of model parameters.

• Recommendations on typical load model parameter values, ranges and probabilistic
distributions.

• A set of commercially available software tools with developed load models, which include
PSS/E at transmission level, CYME at distribution level, and RTDS/OPAL-RT at
customer and component levels

• Technical reports and journal papers with detailed descriptions of load models,
assumptions/limitations, laboratory/utility data tests, demonstrations with commercially-
available software tools.

Hierarchical load modeling framework

# Milestone Name/Description End Date

1 Overview of power system load modeling/industry practice, and Data Collection. Month 6

2 Development and testing of load model identification algorithms with trained and validated data-
driven models for load composition identification.

Month 12

3 Development and validation of load models at Component, Customer, and Feeder levels. Month 18

4 Development and validation of load models at substation level. Month 21

5 Typical ranges and time-varying probabilistic distributions of load models provided. Month 24

6 Integration of developed load models to existing power system analysis tools with quantification of 
the operational benefits using the developed load/DG models

Month 30

7 Final reports documenting all models developed with examples of practical operation. Month 36

Milestones

Publications
[1] A. Arif, Z. Wang, J. Wang, B. Mather, H. Bashualdo, and D. Zhao, "Load Modeling - A Review,"
IEEE Transactions on Smart Grid, vol. 9, no. 6, pp. 5986-5999, November 2018.
[2] C. Wang, Z. Wang, J. Wang and D. Zhao, "Robust Time-Varying Parameter Identification for
Composite Load Modeling," IEEE Transactions on Smart Grid. accepted for publication.
[3] C. Wang, Z. Wang, J. Wang, and D. Zhao, "SVM-Based Parameter Identification for Composite
ZIP and Electronic Load Modeling," IEEE Transactions on Power Systems, accepted for publication.
[4] J. Zhao, Z. Wang, and J. Wang, "Robust Time-Varying Load Modeling for Conservation Voltage
Reduction Assessment," IEEE Transactions on Smart Grid, vol. 9, no. 4, pp. 3304-3312, July 2018.
[5] Z. Ma, J. Xie, Z. Wang, “Mathematical representation of the WECC composite load model”, arXiv
preprint arXiv:1902.08866, Feb 2019.
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 Mathematical representation of WECC composite load model

 Dynamic order reduction of WECC composite load model

 Robust Time Varying Parameter Identification for Composite Loads

 SVM-Based Parameter Identification for Composite ZIP and 
Electronic Load Modeling



• Why mathematical representation is important to both research and engineering?
• Parameter identification
• Sensitivity analysis
• Dynamic order reduction
• Dynamic behavior analysis 
• Simulation

• Do we already have it? 
• Commercial software has, but not accessible
• PNNL’s GridPack[9] has some parts, e.g., three-phase motor model

• Why dynamic order reduction matters?
• Original WECC model has 166 parameters and 25 states
• Computational burden in large-scale simulations 

• Therefore, we will develop a comprehensive mathematical representation of full WECC composite 
load model. We will also reduce the model size using dynamic order reduction.

Motivation and approaches
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WECC Composite Load Model 
(CMPLDWG)

Fig. 1. The WECC CMPLDWG composite load 
model [3].
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• A typical CMPLDW 
model has in total 121 
parameters [4].

• DER_A model has 45 
parameters and 10 states 
[5].

The CMPLDW model contains:

• 3 three-phase motors, A (chillers), 

B (fans), and C (pumps).

• 1 single-phase motor D 

(residential HVAC).

• 1 static ZIP load.

• 1 electronic load.

CMPLDWG=CMPLDW+DG model 
(DER_A)



Three-phase motor model

Fig. 2 The diagram of three-phase motor [3].
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Three-phase motor model

Electrical model 
(from Fig. 2). 
It is also the same 
as the model in 
GridPACK v3.2.

Fifth-order 
in total

(1)

(2)

(3)

(4)

(7)

(5)

(6)

(8)

8

�̇�𝐸𝑞𝑞′ =
1
𝑇𝑇𝑝𝑝𝑝

−𝐸𝐸𝑞𝑞′ − 𝑖𝑖𝑑𝑑 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 − 𝐸𝐸𝑑𝑑′ ⋅ 𝜔𝜔𝑝 ⋅ 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆 ⋅ 𝑇𝑇𝑃𝑃𝑝

�̇�𝐸𝑑𝑑′ =
1
𝑇𝑇𝑝𝑝𝑝

−𝐸𝐸𝑑𝑑′ + 𝑖𝑖𝑞𝑞 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 + 𝐸𝐸𝑞𝑞′ ⋅ 𝜔𝜔𝑝 ⋅ 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆 ⋅ 𝑇𝑇𝑃𝑃𝑝

�̇�𝐸𝑑𝑑′′ =
𝑇𝑇𝑝𝑝𝑝 − 𝑇𝑇𝑝𝑝𝑝𝑝𝑝
𝑇𝑇𝑝𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝𝑝

𝐸𝐸𝑑𝑑′ +
𝑇𝑇𝑝𝑝𝑝𝑝𝑝 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 + 𝑇𝑇𝑝𝑝𝑝 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝

𝑇𝑇𝑝𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝𝑝
𝑖𝑖𝑞𝑞 −

1
𝑇𝑇𝑝𝑝𝑝𝑝𝑝

𝐸𝐸𝑑𝑑′′ + 𝜔𝜔𝑝 ⋅ 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆 ⋅ 𝐸𝐸𝑞𝑞′′

�̇�𝐸𝑞𝑞′′ =
𝑇𝑇𝑝𝑝𝑝 − 𝑇𝑇𝑝𝑝𝑝𝑝𝑝
𝑇𝑇𝑝𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝𝑝

𝐸𝐸𝑞𝑞′ −
𝑇𝑇𝑝𝑝𝑝𝑝𝑝 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 + 𝑇𝑇𝑝𝑝𝑝 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝

𝑇𝑇𝑝𝑝𝑝𝑇𝑇𝑝𝑝𝑝𝑝𝑝
𝑖𝑖𝑑𝑑 −

1
𝑇𝑇𝑝𝑝𝑝𝑝𝑝

𝐸𝐸𝑞𝑞′′ − 𝜔𝜔𝑝 ⋅ 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆 ⋅ 𝐸𝐸𝑑𝑑′′

𝑆𝑆�̇�𝐿𝑆𝑆𝑆𝑆 = −
𝑝𝑝 ⋅ 𝐸𝐸𝑑𝑑′′ ⋅ 𝑖𝑖𝑑𝑑 + 𝑞𝑞 ⋅ 𝐸𝐸𝑞𝑞′′ ⋅ 𝑖𝑖𝑞𝑞 − 𝑇𝑇𝐿𝐿

2𝐻𝐻

𝑇𝑇𝐿𝐿 = 𝑇𝑇𝑚𝑚𝑝 𝐴𝐴𝑤𝑤2 + 𝐵𝐵𝑤𝑤 + 𝐶𝐶𝑝 + 𝐷𝐷𝑤𝑤𝐸𝐸𝑡𝑡𝑡𝑡𝑞𝑞

𝑤𝑤 = 1 − 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆
𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝐴𝐴,𝐵𝐵,𝐶𝐶𝑝,𝐷𝐷,𝑝𝑝, 𝑞𝑞𝑎𝑎𝑎𝑎𝑎𝑎𝐸𝐸𝑡𝑡𝑤𝑤𝑞𝑞𝑎𝑎𝑤𝑤𝑤𝑤𝑝𝑝𝑎𝑎𝑤𝑤𝑎𝑎𝑝𝑝𝑤𝑤𝑡𝑡𝑤𝑤𝑤𝑤𝑝𝑝.

𝑇𝑇𝑚𝑚 = 𝑇𝑇𝑚𝑚𝑝 ⋅ 𝜔𝜔𝐸𝐸𝑡𝑡𝑡𝑡𝑞𝑞
Mechanical model



Three-phase motor model

Other static equations are as follows:

(9)

(10)

(11)

(12)

(13)

(14)
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𝑖𝑖𝑑𝑑 =
𝑤𝑤𝑠𝑠

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝𝑝𝑝2
(𝑉𝑉𝑑𝑑 + 𝐸𝐸𝑑𝑑′′) +

𝐿𝐿𝑝𝑝𝑝𝑝
𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝𝑝𝑝2

(𝑉𝑉𝑞𝑞 + 𝐸𝐸𝑞𝑞′′)

𝑖𝑖𝑞𝑞 =
𝑤𝑤𝑠𝑠

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝𝑝𝑝2
(𝑉𝑉𝑞𝑞 + 𝐸𝐸𝑞𝑞′′) −

𝐿𝐿𝑝𝑝𝑝𝑝
𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝𝑝𝑝2

(𝑉𝑉𝑑𝑑 + 𝐸𝐸𝑑𝑑′′)

𝑆𝑆 = 𝑉𝑉𝑑𝑑𝑖𝑖𝑑𝑑 + 𝑉𝑉𝑞𝑞𝑖𝑖𝑞𝑞

𝑉𝑉𝑑𝑑 = 𝑤𝑤𝑤𝑤𝑎𝑎𝑟𝑟 𝑉𝑉𝑡𝑡

𝑉𝑉𝑞𝑞 = 𝑖𝑖𝑝𝑝𝑎𝑎𝑖𝑖 𝑉𝑉𝑡𝑡

𝑄𝑄 = 𝑉𝑉𝑑𝑑𝑖𝑖𝑞𝑞 − 𝑉𝑉𝑞𝑞𝑖𝑖𝑑𝑑



Single-phase motor model

Fig. 3 The diagram of single-phase motor [3].
The single-phase AC motor is constructed as a performance model. Therefore, there is no need to derive its 
mathematical representation.
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DER_A model diagram

Fig. 4 The diagram of DER_A model [5].

S0 is the 
denominator

It is saturation of 
power ramp rate

Multiply

11

In the recent update of 
DER_A model, Pgen is 
the feedback of Pord



Mathematical Model of DER_A

Equations of S0 Equations of S1

(15) (16)
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�̇�𝑆𝑝 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝑉𝑉𝑡𝑡 − 𝑆𝑆𝑝 �̇�𝑆1 =
1
𝑇𝑇𝑝𝑝

𝑆𝑆8 − 𝑆𝑆1



Equations of S2

(17)

(18)

13

�̇�𝑆2 =
−
𝑆𝑆2
𝑇𝑇𝑖𝑖𝑞𝑞

+
𝑄𝑄𝑡𝑡𝑟𝑟𝑟𝑟

𝑇𝑇𝑖𝑖𝑞𝑞𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
𝑖𝑖𝑖𝑖 𝑆𝑆𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0

−
𝑆𝑆2
𝑇𝑇𝑖𝑖𝑞𝑞

+
tan 𝑝𝑝𝑖𝑖𝑎𝑎𝑤𝑤𝑤𝑤𝑖𝑖 × 𝑆𝑆1

𝑇𝑇𝑖𝑖𝑞𝑞𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
𝑖𝑖𝑖𝑖 𝑆𝑆𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 1

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑥𝑥 = �𝑥𝑥 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 0.01
0.01 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 0.01

Mathematical Model of DER_A



Equations of S3

(19)

(20)
(22)

14

�̇�𝑆3 =
−
𝑆𝑆3 − 𝑝𝑝𝑎𝑎𝑡𝑡2 𝑆𝑆2 + 𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑆𝑆𝑝 ⋅ 𝐾𝐾𝑞𝑞𝑟𝑟

𝑇𝑇𝑓𝑓
𝑖𝑖𝑖𝑖𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0

−
𝑆𝑆3 − 𝑝𝑝𝑎𝑎𝑡𝑡2 𝑆𝑆2 + 𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑆𝑆𝑝 ⋅ 𝐾𝐾𝑞𝑞𝑟𝑟 × 𝑆𝑆4

𝑇𝑇𝑓𝑓
𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 1

𝐷𝐷𝐵𝐵𝑉𝑉 𝑥𝑥 = �
𝑥𝑥 − 𝑎𝑎𝑏𝑏𝑎𝑎𝑏 𝑖𝑖𝑖𝑖 𝑥𝑥 > 𝑎𝑎𝑏𝑏𝑎𝑎1
0 𝑖𝑖𝑖𝑖 𝑎𝑎𝑏𝑏𝑎𝑎2 ≤ 𝑥𝑥 ≤ 𝑎𝑎𝑏𝑏𝑎𝑎1
𝑥𝑥 − 𝑎𝑎𝑏𝑏𝑎𝑎2 𝑖𝑖𝑖𝑖 𝑥𝑥 < 𝑎𝑎𝑏𝑏𝑎𝑎2

𝑝𝑝𝑎𝑎𝑡𝑡3 𝑥𝑥 = �
𝑆𝑆𝑞𝑞ℎ1 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑆𝑆𝑞𝑞h1
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑆𝑆𝑞𝑞𝑓𝑓1 ≤ 𝑥𝑥 ≤ 𝑆𝑆𝑞𝑞ℎ1
𝑆𝑆𝑞𝑞𝑓𝑓1 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑆𝑆𝑞𝑞𝑓𝑓1

𝑝𝑝𝑎𝑎𝑡𝑡2 𝑥𝑥 = �
𝑆𝑆𝑞𝑞max 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑆𝑆𝑞𝑞max
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑆𝑆𝑞𝑞min ≤ 𝑥𝑥 ≤ 𝑆𝑆𝑞𝑞max
𝑆𝑆𝑞𝑞min 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑆𝑆𝑞𝑞min

(21)

Mathematical Model of DER_A

Presenter
Presentation Notes
This is diagram and equations about S3. We corrected the minus sign here. Where the DBV means the voltage deadzone function.




Equations of S4
Fig. 5 The effect of Vrfrac [4].

Vmin is the minimum value of Vt (from the 
diagram, it should be Vt_filt)

(23) (24)
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�̇�𝑆4 =
1
𝑇𝑇𝑟𝑟

𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎(𝑆𝑆𝑝,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟) − 𝑆𝑆4 𝐵𝐵 = 𝑉𝑉𝑤𝑤𝑖𝑖𝑤𝑤𝑎𝑎𝑃𝑃 × 𝐴𝐴 = 𝑉𝑉𝑤𝑤𝑖𝑖𝑤𝑤𝑎𝑎𝑃𝑃
𝑣𝑣𝑟𝑟1 − 𝑉𝑉min

𝑣𝑣𝑟𝑟1 − 𝑣𝑣𝑟𝑟0

Mathematical Model of DER_A
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𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤Protection(𝑆𝑆𝑝,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟) =

𝑉𝑉𝑡𝑡 − 𝑉𝑉𝑓𝑓𝑝
𝑉𝑉𝑓𝑓1 − 𝑉𝑉𝑓𝑓𝑝

if    𝑉𝑉𝑓𝑓𝑝 ≤ V𝑡𝑡 ≤ Vmin
𝑉𝑉𝑡𝑡 − 𝑉𝑉𝑓𝑓𝑝
𝑉𝑉𝑓𝑓1 − 𝑉𝑉𝑓𝑓𝑝

 if    𝑉𝑉min ≤ V𝑡𝑡 ≤ V𝑓𝑓1    and   the voltage stays below V𝑓𝑓1 for a duration less than t𝑓𝑓𝑟𝑟1
1   if    V𝑓𝑓1 < V𝑡𝑡<  𝑉𝑉ℎ1  and   the voltage stays below Vℎ1 for a duration less than t𝑓𝑓𝑟𝑟1
𝑉𝑉ℎ𝑝 − 𝑉𝑉𝑡𝑡
𝑉𝑉ℎ𝑝 − 𝑉𝑉ℎ1

          if    𝑉𝑉ℎ1 ≤ V𝑡𝑡 ≤ 𝑉𝑉ℎ𝑝     and   the voltage stays over Vℎ1 for a duration less than tℎ𝑟𝑟1

𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟
𝑉𝑉𝑡𝑡 − 𝑉𝑉min
𝑉𝑉𝑓𝑓1 − 𝑉𝑉𝑓𝑓𝑝

if    𝑉𝑉min ≤ V𝑡𝑡 ≤ V𝑓𝑓1    and   the voltage stays below V𝑓𝑓1 for a duration greater than t𝑓𝑓𝑟𝑟1

𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟(
𝑉𝑉𝑓𝑓1 − 𝑉𝑉min
𝑉𝑉𝑓𝑓1 − 𝑣𝑣𝑓𝑓𝑝

)   if   V𝑓𝑓1 < V𝑡𝑡<  𝑉𝑉ℎ1    and   the voltage stays below Vℎ1 for a duration greater than t𝑓𝑓𝑟𝑟1

𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟(
𝑉𝑉max − 𝑉𝑉𝑡𝑡
𝑉𝑉ℎ𝑝 − 𝑉𝑉ℎ1

)      if   Vℎ1 ≤ V𝑡𝑡 ≤ 𝑉𝑉max    and   the voltage stays below V𝑓𝑓1 for a duration greater than tℎ𝑟𝑟1
𝑉𝑉ℎ𝑝 − 𝑉𝑉𝑡𝑡
𝑉𝑉ℎ𝑝 − 𝑉𝑉ℎ1

if    𝑉𝑉max ≤ V𝑡𝑡 ≤ Vℎ𝑝
0 𝑉𝑉𝑡𝑡𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑝𝑝𝑤𝑤

(25)
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Equations of S5

Frequency trip logic:

• If frequency goes below fl for
more than tfl seconds, then
the entire model will trip.

• If frequency goes above fh for
more than tfh seconds, then
the entire model will trip.

(26)

17

�̇�𝑆5 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5

Mathematical Model of DER_A



Equations of S6

Note that DBF should have the 
same structure as DBV.

(27)

(28)

(29)

(30)
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�̇�𝑆6 = 𝐾𝐾𝑖𝑖𝑓𝑓𝑝𝑝𝑎𝑎𝑡𝑡4(𝑆𝑆𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆1 + 𝑝𝑝𝑎𝑎𝑡𝑡5 �𝐷𝐷𝑑𝑑𝑑𝑑 ⋅ 𝐷𝐷𝐵𝐵𝑓𝑓(𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆5

+ 𝑝𝑝𝑎𝑎𝑡𝑡6 �𝐷𝐷𝑢𝑢𝑝𝑝 ⋅ 𝐷𝐷𝐵𝐵𝑓𝑓(𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆5 ) +
𝐾𝐾𝑝𝑝𝑓𝑓
𝑇𝑇𝑝𝑝

𝑆𝑆1

+ 𝐺𝐺𝑑𝑑𝑑𝑑 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5 + 𝐺𝐺𝑢𝑢𝑝𝑝 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5 −
𝐾𝐾𝑝𝑝𝑖𝑖𝑆𝑆8
𝑇𝑇𝑝𝑝

𝑝𝑝𝑎𝑎𝑡𝑡4 𝑥𝑥 = �
𝑖𝑖𝑟𝑟max 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑖𝑖𝑟𝑟max
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑖𝑖𝑟𝑟min ≤ 𝑥𝑥 ≤ 𝑖𝑖𝑟𝑟max
𝑖𝑖𝑟𝑟min 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑖𝑖𝑟𝑟min

𝑝𝑝𝑎𝑎𝑡𝑡5 𝑥𝑥 = �𝑥𝑥 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 0
0 𝑖𝑖𝑖𝑖 𝑥𝑥 > 0

𝑝𝑝𝑎𝑎𝑡𝑡6 𝑥𝑥 = �𝑥𝑥 𝑖𝑖𝑖𝑖 𝑥𝑥 > 0
0 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 0

𝐺𝐺𝑑𝑑𝑑𝑑 𝑥𝑥 = �
− ⁄𝐾𝐾𝑝𝑝𝑞𝑞𝐷𝐷𝑑𝑑𝑑𝑑𝑥𝑥 𝑇𝑇𝑡𝑡𝑟𝑟 𝑖𝑖𝑖𝑖 𝑥𝑥 < 𝑖𝑖𝑎𝑎𝑏𝑏𝑎𝑎𝑏 𝑉𝑉𝑤𝑤 𝑥𝑥 > 𝑖𝑖𝑎𝑎𝑏𝑏𝑎𝑎𝑓,

𝑎𝑎𝑎𝑎𝑎𝑎 ⁄𝐷𝐷𝑑𝑑𝑑𝑑𝑥𝑥 𝑇𝑇𝑡𝑡𝑟𝑟 ≥ 0

0 𝑉𝑉𝑡𝑡𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑝𝑝𝑤𝑤

𝐺𝐺𝑢𝑢𝑝𝑝 𝑥𝑥 = �
− ⁄𝐾𝐾𝑝𝑝𝑞𝑞𝐷𝐷𝑢𝑢𝑝𝑝𝑥𝑥 𝑇𝑇𝑡𝑡𝑟𝑟 𝑖𝑖𝑖𝑖 𝑥𝑥 < 𝑖𝑖𝑎𝑎𝑏𝑏𝑎𝑎𝑏 𝑉𝑉𝑤𝑤 𝑥𝑥 > 𝑖𝑖𝑎𝑎𝑏𝑏𝑎𝑎𝑓,

𝑎𝑎𝑎𝑎𝑎𝑎 ⁄𝐷𝐷𝑢𝑢𝑝𝑝𝑥𝑥 𝑇𝑇𝑡𝑡𝑟𝑟 < 0

0 𝑉𝑉𝑡𝑡𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑝𝑝𝑤𝑤

(31)

(32)

Mathematical Model of DER_A
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Equations of S7 Equations of S8

(33)

(34)

(35)

(36)
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�̇�𝑆7 = �
0 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 0

𝑝𝑝𝑎𝑎𝑡𝑡8 𝑝𝑝�̇�𝑎𝑡𝑡7 𝑆𝑆6 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 1

𝑝𝑝𝑎𝑎𝑡𝑡7 𝑥𝑥 = �
𝑆𝑆max 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑆𝑆max
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑆𝑆min ≤ 𝑥𝑥 ≤ 𝑆𝑆max
𝑆𝑆min 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑆𝑆min

�̇�𝑆8 =
1

𝑇𝑇𝑝𝑝𝑝𝑝𝑡𝑡𝑑𝑑
𝑆𝑆7 − 𝑆𝑆8

𝑝𝑝𝑎𝑎𝑡𝑡8 𝑥𝑥 = �
𝑎𝑎𝑆𝑆max 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑎𝑎𝑆𝑆max
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑎𝑎𝑆𝑆min ≤ 𝑥𝑥 ≤ 𝑎𝑎𝑆𝑆max
𝑎𝑎𝑆𝑆min 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑎𝑎𝑆𝑆min

Mathematical Model of DER_A



Equations of S9

(37)

20

�̇�𝑆9 =

1
𝑇𝑇𝑓𝑓

𝑝𝑝𝑎𝑎𝑡𝑡9
)𝑝𝑝𝑎𝑎𝑡𝑡7(𝑆𝑆8

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
× 𝑆𝑆4 − 𝑆𝑆9 𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 1

1
𝑇𝑇𝑓𝑓

𝑝𝑝𝑎𝑎𝑡𝑡9
)𝑝𝑝𝑎𝑎𝑡𝑡7(𝑆𝑆8

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
− 𝑆𝑆9 𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 0

𝑝𝑝𝑎𝑎𝑡𝑡9 𝑥𝑥 = �
𝑆𝑆pmax 𝑖𝑖𝑖𝑖 𝑥𝑥 ≥ 𝑆𝑆pmax
𝑥𝑥 𝑖𝑖𝑖𝑖 𝑆𝑆pmin ≤ 𝑥𝑥 ≤ 𝑆𝑆pmax
𝑆𝑆pmin 𝑖𝑖𝑖𝑖 𝑥𝑥 ≤ 𝑆𝑆pmin

(38)

Mathematical Model of DER_A
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�̇�𝑆𝑝 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝑉𝑉𝑡𝑡 − 𝑆𝑆𝑝

�̇�𝑆1 =
1
𝑇𝑇𝑝𝑝

𝑆𝑆8 − 𝑆𝑆1

�̇�𝑆2 =
−
𝑆𝑆2
𝑇𝑇𝑖𝑖𝑞𝑞

+
𝑄𝑄𝑡𝑡𝑟𝑟𝑟𝑟

𝑇𝑇𝑖𝑖𝑞𝑞𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
𝑖𝑖𝑖𝑖𝑆𝑆𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0

−
𝑆𝑆2
𝑇𝑇𝑖𝑖𝑞𝑞

+
tan 𝑝𝑝𝑖𝑖𝑎𝑎𝑤𝑤𝑤𝑤𝑖𝑖 × 𝑆𝑆1

𝑇𝑇𝑖𝑖𝑞𝑞𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
𝑖𝑖𝑖𝑖 𝑆𝑆𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 1

�̇�𝑆4 =
1
𝑇𝑇𝑟𝑟

𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎(𝑆𝑆𝑝,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟) − 𝑆𝑆4

�̇�𝑆5 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5

�̇�𝑆9 =

1
𝑇𝑇𝑓𝑓

𝑝𝑝𝑎𝑎𝑡𝑡9
)𝑝𝑝𝑎𝑎𝑡𝑡7(𝑆𝑆8

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
× 𝑆𝑆4 − 𝑆𝑆9 𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 1

1
𝑇𝑇𝑓𝑓

𝑝𝑝𝑎𝑎𝑡𝑡9
)𝑝𝑝𝑎𝑎𝑡𝑡7(𝑆𝑆8

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑆𝑆𝑝
− 𝑆𝑆9 𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 0

�̇�𝑆3 =
−
𝑆𝑆3 − 𝑝𝑝𝑎𝑎𝑡𝑡2 𝑆𝑆2 + 𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑆𝑆𝑝 ⋅ 𝐾𝐾𝑞𝑞𝑟𝑟

𝑇𝑇𝑓𝑓
𝑖𝑖𝑖𝑖𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 0

−
𝑆𝑆3 − 𝑝𝑝𝑎𝑎𝑡𝑡2 𝑆𝑆2 + 𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑆𝑆𝑝 ⋅ 𝐾𝐾𝑞𝑞𝑟𝑟 × 𝑆𝑆4

𝑇𝑇𝑓𝑓
𝑖𝑖𝑖𝑖 𝑉𝑉𝑡𝑡𝑡𝑡𝑖𝑖𝑝𝑝𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 = 1

�̇�𝑆6 = 𝐾𝐾𝑖𝑖𝑓𝑓𝑝𝑝𝑎𝑎𝑡𝑡4(𝑆𝑆𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆1 + 𝑝𝑝𝑎𝑎𝑡𝑡5 �𝐷𝐷𝑑𝑑𝑑𝑑 ⋅ 𝐷𝐷𝐵𝐵𝑓𝑓(𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆5

+ 𝑝𝑝𝑎𝑎𝑡𝑡6 �𝐷𝐷𝑢𝑢𝑝𝑝 ⋅ 𝐷𝐷𝐵𝐵𝑓𝑓(𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑡𝑡𝑟𝑟𝑟𝑟 − 𝑆𝑆5 ) +
𝐾𝐾𝑝𝑝𝑓𝑓
𝑇𝑇𝑝𝑝

𝑆𝑆1

+ 𝐺𝐺𝑑𝑑𝑑𝑑 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5 + 𝐺𝐺𝑢𝑢𝑝𝑝 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑆𝑆5 −
𝐾𝐾𝑝𝑝𝑓𝑓𝑆𝑆8
𝑇𝑇𝑝𝑝
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�̇�𝑆8 =
1

𝑇𝑇𝑝𝑝𝑝𝑝𝑡𝑡𝑑𝑑
𝑆𝑆7 − 𝑆𝑆8

�̇�𝑆7 = �
0 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 0

𝑝𝑝𝑎𝑎𝑡𝑡8 𝑝𝑝�̇�𝑎𝑡𝑡7 𝑆𝑆6 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 1



Simulation Setup (MATLAB)

• The simulation is conducted in four parts: Motor A, Motor B,
Motor C and DER_A.

• We use the method in [5] to generate the input voltage, and the 
frequency is set to be 60 HZ.

(39)
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𝑉𝑉 𝑡𝑡 =

𝑎𝑎, 𝑖𝑖𝑖𝑖 1 ≤ 𝑡𝑡 ≤ 1 + 𝑏𝑏/60

−
− 1 − 𝑎𝑎
𝑏𝑏/60 − 𝑃𝑃 𝑖𝑖𝑉𝑉𝑤𝑤 1 + 𝑏𝑏/60 ≤ 𝑡𝑡 ≤ 1 + 𝑃𝑃,𝑎𝑎𝑎𝑎𝑎𝑎

1, 𝑉𝑉𝑡𝑡𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑖𝑖𝑝𝑝𝑤𝑤
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Simulation Setup (MATLAB)
Table I

Parameter setting of Motor A, B and C.

0 0
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Table II
Parameter setting of DER_A [5].

Presenter
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Simulation Results (MATLAB)

Fig. 6 Bus voltages of mathematical and PSS/E 
model of three-phase motor.
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Fig. 7 Real and reactive power of mathematical 
and PSS/E model of three-phase motor A.



Simulation Results (MATLAB)
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Fig. 9 Real and reactive power of mathematical 
and PSS/E model of three-phase motor C.

Fig. 8 Real and reactive power of mathematical 
and PSS/E model of three-phase motor B.



Simulation Results (MATLAB)
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Fig. 11 Real and reactive power of mathematical 
and PSS/E model of DER_A.

Fig. 10 Filtered input voltage and frequency of 
DER_A (see Fig. 4 on slide 8). 

Presenter
Presentation Notes
Since we changed the mathematical representation of DER_A, we also redo its simulation. Fig 11 is the revised result of DER_A.
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 Mathematical representation of WECC composite load model

 Dynamic order reduction of WECC composite load model

 Robust Time Varying Parameter Identification for Composite Loads

 SVM-Based Parameter Identification for Composite ZIP and 
Electronic Load Modeling



• The existing WECC composite load model has more than 25 states (15 for
three-phase motors, 10 for DER_A and other components) and more than
160 parameters, which extremely increases the computation burden.

• The WECC model exhibits behaviors at two time-scales: faster dynamics
and slower dynamics.

• We will propose a reduced-order large-signal model which has similar
response to the original model.

• The reduced-order model will be developed based on singular perturbation
theory that separates system states into fast and slow dynamics.

28

Reduced-Order Large-Signal Model
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Consider a singular perturbation model of a dynamical system whose derivatives of some of the states
are multiplied by a small positive parameter ε (perturbation coefficient) as follows

If G in (41) has at least one isolated real roots

Substitute (42) into (40), we obtain the reduced order model as follows

Note that the dimension of (40) is reduced from n+m to n.

Singular perturbation theory

�̇�𝑥 = 𝐹𝐹 𝑥𝑥, 𝑧𝑧,𝑢𝑢, 𝑡𝑡, 𝜀𝜀
𝜀𝜀�̇�𝑧 = 𝐺𝐺 𝑥𝑥, 𝑧𝑧,𝑢𝑢, 𝑡𝑡, 𝜀𝜀

where 𝑥𝑥 ∈ 𝑅𝑅𝑑𝑑 representing slower dynamics, 𝑧𝑧 ∈ 𝑅𝑅𝑚𝑚representing faster dynamics Let ε=0, we have
0 = 𝐺𝐺 𝑥𝑥, 𝑧𝑧,𝑢𝑢, 𝑡𝑡

z = 𝑤𝑖𝑖 𝑥𝑥,𝑢𝑢, 𝑡𝑡 , i=1,2,…,k   

�̇�𝑥 = 𝐹𝐹 𝑥𝑥,𝑤𝑖𝑖 𝑥𝑥,𝑢𝑢, 𝑡𝑡 ,𝑢𝑢, 𝑡𝑡

(40)

(41)

(42)

(43)

Compared to conventional order reduction that simply ignores some dynamic states, our method uses
slower dynamics to represent faster ones, thus reducing order while maintaining all dynamic
characteristics.
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Even though we can get the reduced-order model using the above method, the accuracy of the reduced
model is not guaranteed. Define a new time variable 𝜏𝜏 = (𝑡𝑡 − 𝑡𝑡𝑝)/𝜀𝜀, and introduce the boundary-layer
model as follows,

Singular perturbation theory

𝑎𝑎𝑑𝑑
𝑎𝑎𝜏𝜏 = 𝑖𝑖 𝑡𝑡, 𝑥𝑥,𝑑𝑑 + 𝑤(𝑡𝑡, 𝑥𝑥), 0

where 𝑑𝑑 = 𝑧𝑧 − 𝑤(𝑡𝑡, 𝑥𝑥) is the change of state variables. If the system satisfies the following assumptions,

(44)

(45)

(46)

Assumption 1: On a compact subset of Ω𝑥𝑥 × Ω𝑦𝑦, functions 𝑖𝑖,𝑖𝑖 are 𝒞𝒞1 and has bounded continuous 
first partial derivative with respect to t; h and Jacobian 𝜕𝜕𝑖𝑖/𝜕𝜕𝑧𝑧 have bounded first partial derivatives; 
𝜕𝜕𝑖𝑖/𝜕𝜕𝑥𝑥 is Lipschitz in x uniformly in t;
Assumption 2: the origin of the reduced model (43) is a uniformly exponentially stable equilibrium
and there is a Lyapunov function V(t, x) satisfying

where 𝑊𝑊𝑖𝑖 are continuous positive definite functions on Ω𝑥𝑥 and 𝑥𝑥|𝑊𝑊1(𝑥𝑥) ≤ 𝑃𝑃 is a compact subset of
Ω𝑥𝑥;

𝑊𝑊1(𝑥𝑥) ≤ V(t, x) ≤ 𝑊𝑊2(𝑥𝑥)
𝜕𝜕𝑉𝑉
𝜕𝜕𝑡𝑡 +

𝜕𝜕𝑉𝑉
𝜕𝜕𝑥𝑥 𝑖𝑖(𝑡𝑡, 𝑥𝑥) ≤ −𝑊𝑊3(𝑥𝑥)
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Singular perturbation theory
Assumption 3: the origin of the boundary-layer model (44) is a uniformly exponentially stable equilibrium;
Then by Tikhonov’s theorem on the infinite time interval, there are compact sets Ω𝑥𝑥, Ω𝑦𝑦 and positive
constant 𝜀𝜀∗and 𝑘𝑘𝑖𝑖, such that for all 𝑡𝑡𝑝 ≥ 0, 𝑥𝑥 𝑡𝑡𝑝 ∈ Ω𝑥𝑥, 𝑑𝑑(𝑡𝑡𝑝) ∈ Ω𝑦𝑦 and 0 < 𝜀𝜀 < 𝜀𝜀∗, the original system (40)
has unique solutions 𝑥𝑥(𝑡𝑡, 𝜀𝜀) and 𝑧𝑧(𝑡𝑡, 𝜀𝜀) uniformly satisfying

𝑥𝑥 𝑡𝑡, 𝜀𝜀 − �̅�𝑥(𝑡𝑡) ≤ 𝑘𝑘1𝜀𝜀

𝑧𝑧 𝑡𝑡, 𝜀𝜀 − 𝑤(𝑡𝑡, �̅�𝑥(𝑡𝑡))− �𝑑𝑑(𝑡𝑡/𝜀𝜀) ≤ 𝑘𝑘2𝜀𝜀

where �̅�𝑥 𝑡𝑡 and �𝑑𝑑 𝜏𝜏 are the solutions of the reduced model (43) and boundary-layer model (44),
respectively. Moreover, for any given 𝑇𝑇 > 𝑡𝑡𝑝, there exists a positive constant 𝜀𝜀∗∗ ≤ 𝜀𝜀∗ such that for
𝑡𝑡 ∈ [𝑇𝑇,∞) and 𝜀𝜀 < 𝜀𝜀∗∗, it follows uniformly that

𝑧𝑧 𝑡𝑡, 𝜀𝜀 − 𝑤(𝑡𝑡, �̅�𝑥(𝑡𝑡)) ≤ 𝑘𝑘3𝜀𝜀

It means if 𝜀𝜀 is small enough, we can use the quasi-steady state h (solved from algebraic equations) + solution of
boundary-layer model �𝑑𝑑 (solved from dynamic equations) to estimate the fast state; if 𝜀𝜀 is much smaller, then we can use
only the quasi-steady state solution to estimate the fast state. This significantly reduce the computational complexity.

(47)

(48)

(49)
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Singular perturbation theory
The main difficulties focused on threefold:
• How to identify the slow and fast dynamics? (how to find the perturbation coefficients ε?)

 In most cases, we can find the small perturbation coefficients ε based on our knowledge
of physical processes and components.

 For linear systems, we can use modal analysis to identify the slow and fast dynamics. We
can also obtain a local result for a linearized system.

• How to solve the quasi-steady state equation (41)?
 We can apply implicit function theorem to check whether the solution of algebraic

equation (41) can be expressed in closed form.
• How to obtain at least one isolated roots?

 If the solutions are not isolated, sometimes we can get the isolated roots via coordinate
transformation and redefining state variables.



Consider the generic nonlinear state space model of WECC model

( , , )
( , , )

motori motori motor

motor motori motor

x f x u t
y h x u t

=
=

 (44)

(47)

Order Reduction for WECC Composite 
Load Model
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( , , )
( , , )

DERA DERA DERA

DERA DERA DERA

x f x u t
y h x u t

=
=



(45)

(46)

where the states, inputs and outputs are 
as follows

' ' '' ''[ , , , , ] 1,2,3T
motori di qi di qi ix E E E E SLIP i= =

[ ] 1,2,3T
motor di qiu V V i= =

[ ] 1,2,3T
motori i iy P Q i= =

0 1 2 3 4 5 6 7 8 9[ , , , , , , , , , ]T
DERAx S S S S S S S S S S=

[ ]T
DERA tu V Freq=

[ ]T
DERAy P Q=
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Note that there are saturation, dead-zone and switch functions in the DER_A model, therefore we cannot identify the
slow and fast states via participation factor analysis. However, we can estimate the slow/fast classification by finding
the perturbation coefficient.
Recall the dynamic equations of DER_A, we can find the primary coefficients that affect the transient speed directly:
𝑇𝑇𝑉𝑉 ,𝑇𝑇𝑃𝑃 ,𝑇𝑇𝑖𝑖𝑞𝑞 , 𝑇𝑇𝑓𝑓, 𝑇𝑇𝑡𝑡𝑟𝑟, 𝑇𝑇𝑡𝑡𝑟𝑟, 𝑇𝑇𝑝𝑝𝑝𝑝𝑡𝑡𝑑𝑑. If 𝑇𝑇𝑃𝑃,𝑇𝑇𝑡𝑡𝑟𝑟, 𝑇𝑇𝑡𝑡𝑟𝑟 ≫ 𝑇𝑇𝑖𝑖𝑞𝑞 , 𝑇𝑇𝑓𝑓, 𝑇𝑇𝑉𝑉 , 𝑇𝑇𝑝𝑝𝑝𝑝𝑡𝑡𝑑𝑑, under the parameter setting in Table 2, using the
order reduction technique introduced above, we can obtain the following reduced order model of DER_A.

�̇�𝑥1 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝑉𝑉𝑡𝑡 − 𝑥𝑥1

�̇�𝑥2 =
1
𝑇𝑇𝑝𝑝

𝑥𝑥4 − 𝑥𝑥2

�̇�𝑥3 =
1
𝑇𝑇𝑡𝑡𝑟𝑟

𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞 − 𝑥𝑥3

�̇�𝑥4 = 0

State equations: Algebraic equations:

𝑖𝑖𝑑𝑑 = 𝑝𝑝𝑎𝑎𝑡𝑡9
)𝑠𝑠𝑓𝑓𝑡𝑡7(𝑥𝑥4

𝑠𝑠𝑓𝑓𝑡𝑡1 𝑥𝑥1
× 𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎 𝑥𝑥1,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟 + �𝑑𝑑𝐷𝐷2

𝑖𝑖𝑞𝑞 = 𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎 𝑥𝑥1,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟 × 𝑝𝑝𝑎𝑎𝑡𝑡2
𝑄𝑄𝑔𝑔𝑔𝑔𝑔𝑔𝑔
𝑃𝑃𝑔𝑔𝑔𝑔𝑔𝑔𝑔

� 𝑥𝑥2
𝑠𝑠𝑓𝑓𝑡𝑡1 𝑥𝑥1

+ 𝐾𝐾𝑞𝑞𝑟𝑟 � 𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑥𝑥1 + �𝑑𝑑𝐷𝐷6

where 𝑥𝑥 = 𝑆𝑆𝑝,𝑆𝑆1, 𝑆𝑆5, 𝑆𝑆7 ( 𝑉𝑉𝑡𝑡𝑟𝑟𝑖𝑖𝑓𝑓𝑡𝑡 ,𝑆𝑆𝑓𝑓𝑟𝑟𝑑𝑑𝑟𝑟𝑖𝑖𝑓𝑓𝑡𝑡 ,𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑖𝑖𝑓𝑓𝑡𝑡,𝑈𝑈 )

(50)

(51)

(52)

(53)

(54)

(55)

Reduced system 
order from 10 to 4
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�̇�𝑑𝐷𝐷1 = −𝑑𝑑𝐷𝐷1

�̇�𝑑𝐷𝐷2 = 𝑑𝑑𝐷𝐷3 − 𝑑𝑑𝐷𝐷2 − 𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎(𝑥𝑥𝐷𝐷1,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟) × 𝑝𝑝𝑎𝑎𝑡𝑡2 𝛾𝛾 𝑥𝑥𝐷𝐷 + 𝑝𝑝𝑎𝑎𝑡𝑡2 𝑑𝑑𝐷𝐷1 + 𝛾𝛾 𝑥𝑥𝐷𝐷

Boundary-layer model:
(56)

(57)

(58)

(59)

�̇�𝑑𝐷𝐷3 = −𝑑𝑑𝐷𝐷3

�̇�𝑑𝐷𝐷4 = −𝑇𝑇𝑡𝑡𝑟𝑟𝑑𝑑𝐷𝐷5

�̇�𝑑𝐷𝐷5 = −𝑑𝑑𝐷𝐷5

�̇�𝑑𝐷𝐷6 = −𝑑𝑑𝐷𝐷6 − 𝑝𝑝𝑎𝑎𝑡𝑡9
𝑝𝑝𝑎𝑎𝑡𝑡7 𝑥𝑥𝐷𝐷4
𝑝𝑝𝑎𝑎𝑡𝑡1 𝑥𝑥𝐷𝐷1

× 𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎 𝑥𝑥𝐷𝐷1,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟

+𝑝𝑝𝑎𝑎𝑡𝑡9
𝑝𝑝𝑎𝑎𝑡𝑡7 𝑑𝑑𝐷𝐷5𝑥𝑥𝐷𝐷4
𝑝𝑝𝑎𝑎𝑡𝑡1 𝑥𝑥𝐷𝐷1

× 𝑑𝑑𝐷𝐷3 + 𝑉𝑉𝑉𝑉𝑟𝑟𝑡𝑡𝑎𝑎𝑖𝑖𝑤𝑤𝑆𝑆𝑤𝑤𝑉𝑉𝑡𝑡𝑤𝑤𝑃𝑃𝑡𝑡𝑖𝑖𝑉𝑉𝑎𝑎 𝑥𝑥𝐷𝐷1,𝑉𝑉𝑡𝑡𝑟𝑟𝑡𝑡𝑓𝑓𝑟𝑟

𝛾𝛾 𝑥𝑥𝐷𝐷 =
𝑡𝑡𝑎𝑎𝑎𝑎 𝑝𝑝𝑖𝑖𝑎𝑎𝑤𝑤𝑤𝑤𝑖𝑖 𝑥𝑥𝐷𝐷2

𝑝𝑝𝑎𝑎𝑡𝑡1 𝑥𝑥𝐷𝐷1
+ 𝐾𝐾𝑞𝑞𝑟𝑟𝑝𝑝𝑎𝑎𝑡𝑡3 𝐷𝐷𝐵𝐵𝑉𝑉 𝑉𝑉𝑡𝑡𝑟𝑟𝑟𝑟𝑝 − 𝑥𝑥𝐷𝐷1

(60)

(61)

(62)
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• Simpler model structure and parameter set
• Still capture dynamic responses

Original Reduced



Simulation Results (DER_A)

Fig. 12 Simulation results of reduced DER_A model compared to original model. The figures show the results of 
𝑉𝑉𝑡𝑡𝑟𝑟𝑖𝑖𝑓𝑓𝑡𝑡,𝑆𝑆𝑓𝑓𝑟𝑟𝑑𝑑𝑟𝑟𝑖𝑖𝑓𝑓𝑡𝑡 , 𝑖𝑖𝑑𝑑 ,𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖𝑞𝑞. The red dashed line denotes the responses of reduced model, the blue solid line denotes that 
of original model. 
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Simulation Results (DER_A)

Fig. 13 The figures show the results of real and reactive
power. The red dashed line denotes the responses of reduced
model, the blue solid line denotes that of original model.
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The computation time of original model
and reduced model are 4.8025 s and
1.1623 s, respectively.

Note that the reduced model depends on
the parameters of switching functions,
because they change the model structure.

For example, if Freqflag in equation (33)
is set to be 1

then S7 will be identified as fast state,
thus the load model will be further
reduced to 3 instead of 4.

�̇�𝑆7 = �
0 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 0
𝑝𝑝𝑎𝑎𝑡𝑡8 𝑝𝑝�̇�𝑎𝑡𝑡7 𝑆𝑆6 𝑖𝑖𝑖𝑖 𝐹𝐹𝑤𝑤𝑤𝑤𝑞𝑞𝑟𝑟𝑓𝑓𝑓𝑓𝑓𝑓 = 1

(33)



Participation factor analysis (three-phase motor)
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Use numerical methods to solve the load model, obtaining one 
equilibrium. 

Calculate the eigenvalues at the equilibrium and determine the 
modes.

Calculate the participation factors using the following formula:

1

T
ij ij

ij N T
kj jkk

u v
P

u v
=

=
∑

Identify the slow/fast dynamics according to the participation 
factors and corresponding eigenvalues.
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Index Eigenvalues Major participants

1,2
6,7

11,12

-11.04072  299207.1i±

-11.33576  299151.8i±

5
10

15
3,4

8,9
13,14

-499.829  299120.1i±

-0.00096

-0.00096

-11.33576  299151.8i±

-0.00096

-383.280  299134.5i±

-383.280  299134.5i±

' '
1 1,q dE E

' '
2 2,q dE E

' '
3 3,q dE E

'' ''
1 1,q dE E

'' ''
2 2,q dE E

'' ''
3 3,q dE E

1SLIP

2SLIP

3SLIP

Fast

Slow

Participation factor analysis (three phase motor)



Order reduction of three-phase motor

41

Note that the above modal decomposition results is consistent with the comparison between Tpo and Tppo. According to 
the above slow and fast identification, using the singular perturbation theory, defining 𝑥𝑥 = 𝐸𝐸𝑞𝑞′ ,𝐸𝐸𝑑𝑑′ , 𝑆𝑆𝐿𝐿𝑆𝑆𝑆𝑆 ,𝑈𝑈 =
𝑉𝑉𝑞𝑞 ,𝑉𝑉𝑑𝑑 , we can obtain the reduced order large signal model of three-phase motor as follows,

State equations:

Algebraic equations:

(63)

(65)

(66)

(67)

̇𝑥𝑥1 =
1
𝑇𝑇𝑝𝑝𝑝

−𝑥𝑥1 − 𝑖𝑖𝑑𝑑 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 − 𝜔𝜔𝑝𝑇𝑇𝑃𝑃𝑝𝑥𝑥2𝑥𝑥3

̇𝑥𝑥2 =
1
𝑇𝑇𝑝𝑝𝑝

−𝑥𝑥2 + 𝑖𝑖𝑞𝑞 𝐿𝐿𝑠𝑠 − 𝐿𝐿𝑝𝑝 + 𝜔𝜔𝑝𝑇𝑇𝑃𝑃𝑝𝑥𝑥1𝑥𝑥3

̇𝑥𝑥3 = −
𝑝𝑝 ⋅ 𝑤2 𝑥𝑥1,𝑥𝑥2,𝑥𝑥3 ⋅ 𝑖𝑖𝑑𝑑 +𝑞𝑞 ⋅ 𝑤1 𝑥𝑥1,𝑥𝑥2,𝑥𝑥3 ⋅ 𝑖𝑖𝑞𝑞 − 𝑇𝑇𝐿𝐿

2𝐻𝐻

(64)

𝑇𝑇𝐿𝐿 = 𝑝𝑝 ⋅ 𝑤2 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 ⋅ 𝑖𝑖𝑑𝑑 +𝑞𝑞 ⋅ 𝑤1 𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3 ⋅ 𝑖𝑖𝑞𝑞 𝐴𝐴 1 − 𝑥𝑥3 2 + 𝐵𝐵 1 − 𝑥𝑥3 + 𝐶𝐶𝑝 + 𝐷𝐷 1 − 𝑥𝑥3 𝐸𝐸𝑡𝑡𝑡𝑡𝑞𝑞

𝑖𝑖𝑑𝑑 =
𝐿𝐿𝑝𝑝

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2
(𝑈𝑈1 + 𝑥𝑥1) +

𝑤𝑤𝑠𝑠
𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2

(𝑈𝑈2 + 𝑥𝑥2)

𝑖𝑖𝑞𝑞 =
𝑤𝑤𝑠𝑠

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2
(𝑈𝑈1 + 𝑥𝑥1) −

𝐿𝐿𝑝𝑝
𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2

(𝑈𝑈2 + 𝑥𝑥2)

𝑤1 𝑥𝑥1,𝑥𝑥2, 𝑥𝑥3 =
1

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2
𝐿𝐿𝑝𝑝𝐿𝐿𝑝𝑝𝑝𝑝 + 𝑤𝑤𝑠𝑠2 𝑥𝑥1 − 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝑤𝑤𝑠𝑠𝑥𝑥2 − 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝐿𝐿𝑝𝑝𝑈𝑈1 − 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝑤𝑤𝑠𝑠𝑈𝑈2

𝑤2 𝑥𝑥1, 𝑥𝑥2,𝑥𝑥3 =
1

𝑤𝑤𝑠𝑠2 + 𝐿𝐿𝑝𝑝2
𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝑤𝑤𝑠𝑠𝑥𝑥1 − 𝐿𝐿𝑝𝑝𝐿𝐿𝑝𝑝𝑝𝑝 + 𝑤𝑤𝑠𝑠2 𝑥𝑥2 + 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝑤𝑤𝑠𝑠𝑈𝑈1 − 𝐿𝐿𝑝𝑝 − 𝐿𝐿𝑝𝑝𝑝𝑝 𝐿𝐿𝑝𝑝𝑈𝑈2

(68)

(69)

(70)

Quasi-steady 
state solution

Reduced system 
order from 5 to 3



Simulation Results (Motor A)

Fig. 14 Simulation results E’d and E’q of reduced three-
phase motor A compared to original model. 
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Fig. 15 Simulation results of real and reactive power of 
reduced three-phase motor A compared to original model. 

The computation time of original model and reduced model are 2.8176 s and 
0.9023 s, respectively.



Simulation Results (Motor B)

Fig. 16 Simulation results E’d and E’q of reduced three-
phase motor B compared to original model. 
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Fig. 17 Simulation results of real and reactive power of 
reduced three-phase motor B compared to original model. 



Simulation Results (Motor C)

Fig. 16 Simulation results E’d and E’q of reduced three-
phase motor C compared to original model. 
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Fig. 17 Simulation results of real and reactive power of 
reduced three-phase motor C compared to original model. 
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 Mathematical representation of WECC composite load model

 Dynamic order reduction of WECC composite load model

 Robust Time Varying Parameter Identification for Composite Loads

 SVM-Based Parameter Identification for Composite ZIP and 
Electronic Load Modeling
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Background and motivation
• With the increasing integration of uncertain resources, e.g.,

renewable energy, electric vehicles, and demand response, it is
imperative to design robust load modeling methods.

• The integration of uncertain resources results in continuous changes
of load model parameters, thus requiring time-varying parameter
identification.

• The composite models, including ZIP models and induction motor
(IM) models, are most widely used for dynamic analysis in the US
industry.
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• ZIP Model

• IM Model• Equivalent circuit of ZIP + IM model

Fig. 18 Equivalent circuit of ZIP and IM load model.

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78) (79)

(80)

(81)
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Proposed framework of robust time-varying 
parameter identification

Fig. 19 Framework of robust time-varying parameter identification.
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Case 1 (IEEE 57-bus system)

• The IEEE 57-bus system in which 20
buses are connected to composite ZIP
and IM loads are used to validate the
proposed method.

• For each composite ZIP and IM load,
there are 500 samples for simulation,
and the sample time is 0.1s.

• To illustrate the results, we only focus
on the measurements of the bus of
interest, i.e., bus No. 11.

Fig. 20 Simulation processes.

Original Data and 
Power Flow 

Calculate Initial 
Value 
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Topology 
Update

Calculate states at t by 
solving differential and 
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alternately 
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Y

N

N
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Data

Gaussian 
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Load 
Parameter 

Update
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Proposed 
Parameter 

Identification
Estimated 
Parameters

1

2

3

Simulation Results
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At sample 100, real power measurement has a outlier; At sample 200, reactive power measurement has a outlier;
At samples 300 and 400, voltage measurements have outliers. 

Fig. 21 Parameter identification results comparison for (a) Xs, (b) Rs, (c) Xr, (d) Rr, (e) λp, (f) λq, (g) ap, (h) bp, (i) aq.
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Fig. 22 Estimated active power and true active power.

Fig. 23 Estimated reactive power and true reactive power.
Fig. 24 (a) Relative errors of estimated active power. (b) 
Relative errors of estimated reactive power.
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Case 2 (IEEE 118-bus system)
• The IEEE 118-bus system in which 50 buses are connected to composite ZIP and IM

loads are used to validate the proposed method. Table XV shows the buses with
composite ZIP and IM loads.

• For each composite ZIP and IM load, there are 500 samples for simulation, and the
sample time is 0.1s.

• To illustrate the results, we only focus on the measurements of the bus of interest, i.e.,
bus No. 11.

Table III 
Buses with ZIP and IM loads
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Fig. 25 Mean absolute percentage errors (MAPEs) of for (a) Xs, (b) Rs, (c) Xr, (d) Rr, (e) λp, (f) λq, (g) ap, (h) bp, (i) aq.
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Fig. 26 Probability of relative errors of estimated active 
power of the composite ZIP and IM loads at different 
buses in IEEE 118-bus system.

Fig. 27 Probability of relative errors of estimated reactive 
power of the composite ZIP and IM loads at different buses in 
IEEE 118-bus system.
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 Mathematical representation of WECC composite load model

 Dynamic order reduction of WECC composite load model

 Robust Time Varying Parameter Identification for Composite Loads

 SVM-Based Parameter Identification for Composite ZIP and 
Electronic Load Modeling
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Background and motivation
• Electronic devices continue to grow and

their operating characteristics are
different from the conventional loads.

• We propose a composite ZIP and
Electronic Load model.

• However, incorporating electronic loads
will introduce high nonlinearity to
models. Hence, we propose a data-
driven and learning-based approach to
identify model parameters.

• Specifically, we use a piecewise
function to approximate electronic
models and we design a Support Vector
Machine (SVM)-based algorithm to
identify model parameters.

Fig. 28. Statistical data of typical energy consumption in 
homes by end uses in 1978 (a), 1993 (b), 2005 (c), and 
2009 (d).



57

Framework of Proposed Parameter Identification 

Fig. 29 Framework of the proposed method.
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ZIP and Electronic Models
Electronic model

, ,0E t t EP c P= ⋅

, ,0E t t EQ c Q= ⋅

(82)

(83)

In Table IV, Vd1 and Vd2 are two threshold 
values, and α is a fraction of the 
electronic load that recovers from low 
voltage trip. Vmin,t is a value tracking the 
lowest voltage but not below Vd2, and it 
is a known value at each sample. Its 
value can be expressed as follows.

(84)

Table IV 
DIFFERENT MODES OF ELECTRONIC LOADS
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ZIP and Electronic Models
Composite ZIP & Electronic model

2
1 2 3t t tP V Vλ λ λ= ⋅ + ⋅ + (85)

Table V 
PARAMETERS FOR ACTIVE POWER OF COMPOSITE MODEL
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Simulation Results
Case 1: A revised IEEE 123-bus system is used for simulations. To
illustrate the results, we focus on the measurements of bus 6 which is
connected with a composite ZIP and electronic load.

Table VI 
PARAMETERS OF COMPOSITE LOAD
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To test the model and the identification algorithm, one thousand operating points are simulated to obtain the true
values including voltage and power. Then, noises are added to the true values to generate the signals. The noises
are assumed to follow a Gaussian distribution. To compare the results, we consider one thousand scenarios, and
each scenario has one thousand sample points with different noises added to the true values.

Fig. 29 (a) Voltage measurements and fitting curve. (b) Operating 
modes at different samples.

TABLE VII
ESTIMATIONS OF 𝜆𝜆1

TABLE VIII
ESTIMATIONS OF 𝜆𝜆2

TABLE IX
ESTIMATIONS OF 𝜆𝜆3
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Case 2: To further test the algorithm, additional voltage curves are used. The test system and the parameters are the
same as the scenario in Case 1.

Fig. 30 (a) Voltage measurements and fitting curve. (b) Operating 
modes at different samples.

TABLE X
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 3

TABLE XI
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 5

TABLE XII
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 2

TABLE XIII
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 1
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Case 3: To further test the algorithm, additional voltage curves are used. The test system and the parameters
are the same as the scenario in Case 1.

Fig. 31 (a) Voltage measurements and fitting curve. (b) 
Operating modes at different samples.

TABLE XIV
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 4

TABLE XV
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 2

TABLE XVI
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 1

TABLE XVII
RES OF ESTIMATED PARAMETERS WITH DIFFERENT APPROACHES 

UNDER THE MODE 3
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